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Counter-rotating vortices in miscible two-component Bose-Einstein condensates, in which super-
flows counter-rotate between the two components around the overlapped vortex cores, are studied
theoretically in a pancake-shaped potential. In a linear stability analysis with the Bogoliubov–de
Gennes model, we show that counter-rotating vortices are dynamically unstable against splitting
into multiple vortices. The instability shows characteristic behaviors as a result of countersuperflow
instability, which causes relaxation of relative flows between the two components in binary conden-
sates. The characteristic behaviors are completely different from those of multiquantum vortices
in single-component Bose-Einstein condensates; the number of vortices generated by the instability
can become larger than the initial winding number of the counter-rotating vortex. We also investi-
gate the nonlinear dynamics of the instability by numerically solving the Gross-Pitaevskii equations.
The nonlinear dynamics drastically changes when the winding number of counter-rotating vortices
becomes larger, which lead to nucleation of vortex pairs outside of the vortex core. The instability
eventually develops into turbulence after the relaxation of the relative rotation between the two
components.
PACS numbers: 03.75.Mn, 67.85.De, 67.25.dk
I. INTRODUCTION
Quantized vortices are one of the remarkable conse-
quences of Bose-Einstein condensation and superfluid-
ity in quantum fluids and are found in superfluids 4He
and 3He and Bose-Einstein condensates (BECs) of atomic
gas. In the context of hydrodynamics, quantized vortices
often appear and play an important role in the under-
standing of various phenomena, such as the rotating of
superfluid He [1], thermal counterflow in superfluid 4He
[2, 3], and quantum turbulence [3–5].
Among the many types of physics of quantized vor-
tices, multiquantum vortices, whose winding number is
larger than unity, are an interesting and important sub-
ject. Multiquantum vortices have never been realized in
superfluid 4He except in some transient states [6]. This
is chiefly because an L-charged vortex, whose winding
number is L, is unstable and easily splits into L single-
quantum vortices, whose winding number is unity.
Atomic BECs form another subject in the study of
multiquantum vortices. In experiments, optical technol-
ogy enables us to make a multiquantum vortex and visu-
alize the vortex directly [7, 8]. Furthermore, because of
the weak interaction between the atoms, it is relatively
easy to perform a theoretical analysis by using the Gross-
Pitaevskii (GP) model and the Bogoliubov–de Gennes
(BdG) model [9]. Thus, the splitting of multiquantum
vortices has been experimentally observed [10, 11] and
theoretically studied [10, 12–14]. An L-charged vortex
essentially has unstable modes with l(≦ L)-fold symme-
try and splits into L single-quantum vortices. Some stud-
ies also discuss multiquantum vortices in two-component
BECs [15–18]. Such vortex splitting instabilities are un-
derstood as a dynamic instability in the BdG model [9].
Hydrodynamic instability has been actively studied,
independent of these topics, in two-component BECs,
for example, the Kelvin-Helmholtz instability [19, 20]
and the Rayleigh-Taylor instability [21, 22]. As another
type of hydrodynamic instability, we previously stud-
ied instability in uniform countersuperflow, miscible two-
component BECs with relative superfluid velocity be-
tween the two components [23, 24]. It is well known that
uniform, miscible two-component BECs are stable when
the intraspecies interaction coefficients g11 and g22 and
interspecies interaction coefficient g12 satisfy the condi-
tion g11g22 > g
2
12 [9]. However, when the relative su-
perfluid velocity between the two components exceeds a
critical value, the system becomes dynamically unstable,
causing a characteristic density pattern and vortex nucle-
ation [23, 24]. The nucleated vortices are stretched so as
to reduce the relative superflows between the two com-
ponents. Then, reconnection frequently occurs between
the vortices, leading to binary quantum turbulence. CSI
has been recently observed in experiments [25].
In this paper, we discuss counter-rotating (CR) vor-
tices in miscible two-component BECs trapped by a har-
monic oscillator potential. We consider that the first and
second components simultaneously have an L-charged
vortex and a −L-charged one at the center of the BECs,
respectively. The winding numbers of the two vortices
have the same magnitude but opposite sign. Therefore,
the two BECs relatively rotate. For the following dis-
cussion, we denote an L-charged vortex in the first and
second components of the two-component BEC as (L, 0)-
vortex and (0, L)-vortex, respectively. Thus, a CR vortex
that is overlapped by an L-charged vortex and a −L-
charged vortex is written as an (L,−L)-vortex. The
BECs with a CR vortex are expected to be closely re-
lated to countersuperflow because the BECs with a CR
2vortex and countersuperflow have similarity, such as rel-
ative motion. Counter-rotating binary BECs have been
theoretically studied in a toroidal trap [20, 26]. Our work
focuses on natures of counter-rotating systems as a vor-
tex in a harmonic oscillator potential.
This paper is organized as follows. In Sec. II, we for-
mulate a system of two-component BECs with a CR vor-
tex in the GP model at zero temperature. Section III is
devoted to a linear stability analysis of CR vortices in the
BdG model. We show that the instability of CR vortices
is characterized by countersuperflow instability (CSI) by
numerically solving the BdG equations. In Sec. IV, we
reveal the nonlinear development of the instability of CR
vortices by numerically solving the time-dependent GP
equations. The results are summarized in Sec. V.
II. FORMULATION
We consider miscible two-component BECs de-
scribed by the condensate wave functions Ψj(r, t) =√
nj(r, t)e
iφj(r,t) in the mean-field approximation at zero
temperature, where the index j refers to each component
(j = 1, 2). The wave functions are governed by the cou-
pled GP equations [9]
i~
∂
∂t
Ψj =

− ~2
2mj
∇
2 + Vj(r) +
∑
k=1,2
gjk|Ψk|2

Ψj, (1)
where mj is the mass of the jth component and the
coefficient gjk = 2pi~
2ajk/mjk represents the atomic
interaction with m−1jk = m
−1
j + m
−1
k and the s-wave
scattering length ajk between the jth and kth compo-
nents. Our analysis supposes the conditions g11g22 > g
2
12
and gjj > 0, indicating that the static, miscible two-
component BECs are stable [9]. For simplicity, we set
the mass and the s-wave scattering length of the two
components to the same value, namely, m1 = m2 = m,
a11 = a22 = a, and g11 = g22 = g. The particle numbers
of the two components are also the same: N1 = N2 = N .
The external trapping potential is a harmonic oscilla-
tor potential, given by Vj(r) =
1
2m(ω
2
rr
2 + ω2zz
2) with
r2 = x2 + y2.
The BECs may be treated as a two-dimensional sys-
tem when we use the “pancake” trap geometry with
ωr ≪ ωz. Therefore, we separate the degrees of freedom
of the wave functions as Ψj(x, y, z, t) = ψj(x, y, t)φj(z).
When the potential energy in the z direction is suf-
ficiently larger than the interaction energy, φj(z) is
approximated by the one-particle ground-state wave
function in a harmonic oscillator potential: φj(z) =
(Nz/
√
piahz)
1/2
exp
(−z2/2a2hz), where Nz is a normal-
ization constant and ahz =
√
~/mωz. Then the GP
equations are reduced to the dimensionless form
i
∂
∂t
ψj =

−1
2
∇
2
r +
1
2
r2 +
∑
k=1,2
Cjk|ψk|2

ψj , (2)
with ∇2r = ∂
2
r + r
−1∂r − r−2∂2θ , where the length, time,
and wave functions are scaled as
x = ahrx˜, t =
t˜
ωr
, ψj =
√
N2D
ahr
ψ˜j . (3)
Here, ahr =
√
~/mωr and the two-dimensional particle
number N2D relates to Nz through N = N2DNz. The
tildes in Eq. (2) are omitted for simplicity. The nondi-
mensional interaction coefficient
Cjk =
2
√
2piNajk
ahz
(4)
includes all parameters of this system. Because the pa-
rameters of the two components are the same, the in-
traspecies interaction coefficients are the same: C11 =
C22 = C. The chemical potential µb and the healing
length ξb of this system are calculated in the Thomas-
Fermi approximation [9] as
µb =
152/5
2
(
N(a+ a12)
a¯h
)2/5
~ω¯, (5)
ξb =
~√
m(g + g12)nb
, (6)
where a¯h ≡ (a2hrahz)1/3, ω¯ ≡ (ω2rωz)1/3, and nb is the
density in bulk.
The stationary state of two BECs that have an
(L,−L)-vortex at the center is described by the cylin-
drically symmetric functions
ψ01 =
√
n01(r)e
i(Lθ−µ1t/~), (7)
ψ02 =
√
n02(r)e
i(−Lθ−µ2t/~), (8)
where θ is the polar angle and µj is the chemical potential
of the jth component. The square of the amplitude n0j(r)
gives the radial density profile. The amplitudes are ob-
tained through the imaginary time propagation method
by inserting Eqs. (7) and (8) into the GP equations.
The densities of the two BECs must vanish at r = 0 and
r = ∞ because of the vortices and the trapping poten-
tial. Note that µ1 = µ2 = µ and the densities have the
same function, n01(r) = n
0
2(r) = n
0(r), because the two
BECs have the same parameters and the same winding
number magnitude.
In this paper, the nondimensional interaction parame-
ters are C ≃ 5500 and C12 = 0.9C, which causes repul-
sive interspecies interaction. For example, the param-
eters are realized in a system with 105 atoms of 87Rb
for each component. The s-wave scattering lengths are
a = 5.3 nm and a12 = 0.9a, and also the trapping fre-
quencies are ωr = 2pi×5 Hz and ωz = 2pi×500 Hz. Then
the healing length is ξb = 0.54 µm, where the density nb
in bulk is estimated by the Thomas-Fermi approximation
without vortices. We investigate the cases of small and
large winding numbers of CR vortices.
3III. LINEAR STABILITY
Here, we study the linear stability of the CR vortices in
the BdG model. After the formulation of the BdG equa-
tions, we first discuss the dynamic instability of (L,−L)-
vortices for small L. Then we investigate the instability
for large L and its relation to CSI.
A. Bogoliubov–de Gennes analysis
We consider a collective excitation above the station-
ary state written by Eqs. (7) and (8) as ψj = ψ
0
j + δψj .
Because the system has rotational symmetry, we write
the excitation wave functions δψj with
δψ1 = e
i(Lθ−µt/~){u1(r)ei(lθ−ωt) − v∗1(r)e−i(lθ−ω
∗t)},
(9)
δψ2 = e
i(−Lθ−µt/~){u2(r)ei(lθ−ωt) − v∗2(r)e−i(lθ−ω
∗t)},
(10)
where l is the angular momentum quantum number. By
inserting ψj = ψ
0
j + δψj to linearize the GP equations
with respect to δψj , we obtain the BdG equations. In
matrix notation, these are
σMW = ωW , (11)
where
M =


h+ Cn
0(r) C12n
0(r) C12n
0(r)
Cn0(r) h− C12n
0(r) C12n
0(r)
C12n
0(r) C12n
0(r) h− Cn
0(r)
C12n
0(r) C12n
0(r) Cn0(r) h+

 ,(12)
with
h± =− 1
2
{
∂2
∂r2
+
1
r
∂
∂r
− (l ± L)
2
r2
}
+
1
2
r2 + 2Cn0(r) + C12n
0(r) − µ, (13)
W = {u1(r),−v1(r), u2(r),−v2(r)}T , (14)
and σ = diag(1,−1, 1,−1). Here, the parameters are
scaled as Eqs. (3) and the tildes are omitted. Because
the operator σM in the BdG equations [Eq. (11)] is
non-Hermitian, the frequency ω may have an imaginary
part.
The linear stability of the system is investigated by
numerically diagonalizing Eq. (11). The system is dy-
namically unstable when the frequency of excitations has
an imaginary part Imω > 0 because the excitations are
amplified exponentially with time. Here, we do not take
into account the thermodynamic instability by neglecting
energy dissipation, which causes spontaneous amplifica-
tion of the collective modes with negative energy. Be-
cause a solution (ω, l, uj , vj) has its conjugate solution
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FIG. 1: (Color online) (a) Imaginary part of the frequen-
cies of unstable excitations for (1,−1)-, (2,−2)-, and (3,−3)-
vortices. (b) Radial distribution of the most unstable mode
with l = 3 for the (2,−2)-vortex. The solid line shows the
change in density δni caused by the most unstable mode.
The dashed line shows the density profile n0 in the stationary
state.
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FIG. 2: (Color online) (a) Imaginary part of the frequen-
cies of unstable excitations for (10,−10)-vortices. (b) Radial
distribution of the most unstable mode with l = 15 for the
(10,−10)-vortex. The solid lines show the change in density
δni caused by the most unstable mode and the dotted lines
show the radial profile of the change in density δni caused
by a characteristic unstable mode for the (10,−10)-vortex.
The dashed line shows the density profile n0 in the stationary
state.
(−ω∗, −l, u∗j , v∗j ), we present here only the results for
l ≧ 0 without loss of generality.
Figure 1(a) shows the imaginary part of the frequencies
of unstable modes with Imω > 0 for the cases of small L:
(1,−1)-, (2,−2)-, and (3,−3)-vortices. Although some
unstable modes appear for each value of l, we show the
largest imaginary part among them.
First, we explain the case of L = 1. This problem is
connected to the interaction between vortices in different
components in miscible two-component BECs. The in-
teraction between vortices in different components is re-
pulsive (attractive) for repulsive (attractive) interspecies
interaction when the distance between the vortices is
large compared to the size of the vortex core [27]. Here,
whether the intervortex interaction becomes repulsive or
4attractive is independent of the sign of the winding num-
ber of each vortex since the interaction results from the
density nonuniformity through the term g12|Ψ1|2|Ψ2|2 in
the energy functional. However, our results show that
the short-range interaction depends on the signs of the
vortex winding numbers.
(1,−1)-vortices have an unstable mode with l = 1 [Fig.
1(a)]. For an attractive (g12 < 0) interspecies interaction,
(1,−1)-vortices have an unstable mode with l = 1, too.
We found also that, for (1, 1)- or (−1,−1)-vortices, there
were unstable modes for g12 > 0 but not for g12 < 0.
These results mean that the sign of the short-range in-
teraction depends on the signs of the winding numbers
of vortices for g12 < 0; thus, the interaction between
a (1, 0)-vortex and a (0, 1)-vortex is attractive but that
between a (1, 0)-vortex and a (0,−1)-vortex is repulsive
for attractive interspecies interaction. In fact, the ampli-
tude of the unstable mode of a (1,−1)-vortex is localized
around the vortex cores and its amplification makes the
vortex split into a (1, 0)-vortex and a (0,−1)-vortex. This
effect is nontrivial compared to the long-range interaction
between vortices in different components [27].
Nontrivial effects also occur for (L,−L)-vortices with
L > 1. (2,−2)-vortices have unstable modes with l = 1,
2, and 3. The mode with l = 3 has the largest imag-
inary part and is thus the most unstable. Because the
modes with l cause the density profiles with l-fold symme-
try, it is expected that a density pattern with three-fold
symmetry appears after onset of the instability. This sit-
uation differs from the density patterns that appear in
the splitting process of an L-charged vortex in single-
component BECs, where an L-charged vortex splits into
L single-quantum vortices. Then the L-charged vortex
has unstable modes with l ≦ L that make a density pat-
tern with l-fold symmetry. However, the number l of the
most unstable mode is larger than L in the case of the
CR vortices.
Figure 1(b) shows the radial distribution of the most
unstable mode for the (2,−2)-vortex, where we plotted
the density fluctuation
δni(r) = |ψ0i (θ = 0, t = 0)− δψ0i (θ = 0, t = 0)|2 − n0i (r).
(15)
The most unstable mode is localized in the vortex core
and its amplitude decreases outside of the core. The
amplitude vanishes at the center r = 0 because of the
divergence of the term ∝ (l ± L)2/r2 in Eq. (13) with
l 6= L. The zero amplitude at r = 0 makes it possible
to cause vortices at r = 0 after the amplification of the
mode. In the case of the (2,−2)-vortex, the amplification
makes a vortex with a winding number opposite to that
of the original vortex in each component, as is discussed
in Sec. IV.
In Fig. 1(a), we plot the maximum values of the imag-
inary part Imω of the modes with 0 ≦ l ≦ 6 for L = 1, 2,
and 3 in BECs with a repulsive interspecies interaction.
We also investigate the unstable modes for BECs with an
attractive interspecies interaction. We observe that the
imaginary parts of odd (even) l are typically larger than
those of even (odd) l for g12 > 0 (g12 < 0). There is no
physical explanation for this behavior at this time, and
this is an open problem for the future.
Next, we show a typical example of the instability of
CR vortices with large L. (10,−10)-vortices have unsta-
ble modes with l = 1, 2, . . . , 19 in Fig. 2(a). The most
unstable mode has l = 15. We show the change of the
density caused by the most unstable mode (solid lines)
and the typical unstable mode with l = 15 for the cases of
large L (dotted lines) in Fig. 2(b). The amplitude of the
most unstable mode is localized around the vortex core
and decreases outside of the core as in the case of small
L. However, the peak of the amplitude being almost out-
side of the vortex core differs from the case of small L.
In addition to the localized modes, in this case, there ap-
pear unstable modes with large Imω whose amplitude is
distributed broadly outside of the core. Typically, ampli-
tudes of such modes oscillate spatially over a wide range.
B. Aspects of countersuperflow instability
We discuss here the relation between the instability of
CR vortices and CSI. In Refs. [23, 24], CSI has been
discussed in the bulk where condensate densities are uni-
form. Characteristic aspects of CSI are expected to ap-
pear in our CR vortex systems because of the relative
rotation between the two components.
To explain the nontrivial problem of the angular num-
ber l of some unstable modes being larger than the wind-
ing number L of the (L,−L)-vortex, we further proceed
with the local density approximation. Let us introduce
the local wave number vector q = (qr, l/r) in polar coor-
dinates, where qr is the pseudo-wave number in the radial
direction. When the relative velocity VR is much larger
than the critical velocity of CSI in uniform systems, the
wave numbers q‖ and q⊥, which are, respectively, parallel
and normal to the relative velocity, are characterized by
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FIG. 4: (Color online) Time development of the vortex splitting of a (2,−2)-vortex (a) Initial state. (b), (c) A density pattern
with three-fold symmetry appears owing to the strong amplification of the unstable mode with l = 3. (d) Three (1, 0)-vortices
and three (−1, 0)-vortices move away from the center. At the same time, a (−1, 1)-vortex remains at r = 0.
the relation [24]
(q‖ − VR/2)2 + q2⊥ = V 2R/4. (16)
As a first step of the analysis, we evaluate approxi-
mately the instability of CR vortices with the local den-
sity of the BECs. According to the form of the critical
relative velocity of CSI in uniform systems, we define the
critical relative velocity Vc in the local density approxi-
mation as
Vc(r) = 2
√
Cn0(r)(1 − |γ|), (17)
where C is the nondimensional intraspecies interaction
coefficient, n0(r) is the density profile of the stationary
state, and γ = C12/C. Equation (17) and the local rel-
ative velocity VR(r) ≡ 2L/r are plotted for the (2,−2)-
vortex and the (10,−10)-vortex in Fig. 3. We have shown
that an unstable mode has a certain amount of its am-
plitude even far from the vortex core for the (10,−10)-
vortex. This must be interpreted in relation to CSI by the
fact that the local relative velocity VR is larger than the
critical velocity Vc in the whole region for the (10,−10)-
vortex [Fig. 3(b)]; CSI can occur locally in the bulk far
from the (10,−10)-vortex because of the large relative
velocity. In contrast, for the (2,−2)-vortex [Fig. 3(a)],
we have VR > Vc only near the vortex core and the sur-
face of the BECs, where the local density approximation
is inapplicable in the presence of a large gradient of the
density. The fact that unstable modes are strongly local-
ized in the vortex core in Figs. 1(b) and 2(b) is consistent
with the large difference between VR and Vc around the
center r ∼ 0, although we have found that the unstable
modes do not appear near the surface.
This argument can be applicable to our system quali-
tatively, because VR(r) is much larger than the criterion
Vc(r) in a broad area around the density peak for the
(10,−10)-vortex, as shown in Fig. 3(b). By replacing
q‖ and q⊥ by l/r and qr
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FIG. 5: Time development the late stage of the instability
for the (2,-2)-vortex. The density profiles at t = 67.7ms (a),
t = 142.9ms, 178.7ms, and 286.1ms.
numbers
l ∼ rVR = 2L, (18)
qr ∼ VR/2 = L/r. (19)
The former number comes from the maximum value of
q‖ ∼ VR for unstable modes and the latter is the maxi-
mum wave number normal to the relative velocity.
In fact, the former relation, l = 2L, is almost consistent
with the maximum number l = 19 of unstable modes for
L = 10 in Fig. 2(a). This relation also roughly describes
the maximum l number even for the cases of small L in
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FIG. 6: (Color online) Time development of the averaged
rotational velocity Vθ,j in the instability of a (2,−2)-vortex.
The times 0ms, 67.7ms, 142.9ms, and 286.1ms correspond to
Figs. 4(a), 4(d), 5(b), and 5(d), respectively. The vertical
axis shows the magnitude of the velocity normalized by cb =√
µb/m.
Fig. 1(a). This consistency shows that the instability
of CR vortices is dominated by CSI. In this way, the
nontrivial unstable modes with l > L obtained in the
BdG model are qualitatively understood by CSI.
Additionally, the radial wave number qr = L/r is
roughly consistent with the wave number of the charac-
teristic unstable modes for (10,−10)-vortices, which we
show as dotted lines in Fig. 2(b). In an area around
the density peak, r ∼ 30ξb, the radial wavelength is
λr = 2pi/qr ≃ 19ξb. This wavelength is consistent with
the wavelength estimated from the characteristic unsta-
ble mode in Fig. 2(b).
IV. NONLINEAR DEVELOPMENT
To reveal the nonlinear development of the instabil-
ity of CR vortices, we numerically solved Eq. (2). We
consider a feasible case of binary BECs with repulsive
interspecies interaction by using the same parameters
as in Sec. II. We investigated the time developments
from the stationary states with small and large numbers
of L in Eqs. (7) and (8). To trigger the instability, a
small white noise is added to the initial states. We do
not demonstrate the time development of the instability
from a (1,−1)-vortex, because the dynamics is simple;
the amplification of the unstable mode with l = 1 leads
to the splitting of a (1,−1)-vortex into a (1, 0)-vortex
and a (0,−1)-vortex. We found that the splitting occurs
even for g12 < 0. Therefore, the short-range interaction
between (1, 0)- and (0,−1)-vortices is considered to be
repulsive for both g12 > 0 and g12 < 0.
We will show first the instability dynamics of a (2,−2)-
vortex as a typical example for the case of small L. Fig-
ure 4 represents the time development of the density and
phase profiles of each component. In the early stage of
the instability, a density pattern with three-fold symme-
try appears owing to the strong amplification of the un-
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rotational velocity Vθ,j in the instability of a (10,−10)-vortex.
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Figs. 7(a), 7(c), 7(f), and 7(g), respectively. The vertical
axis shows the magnitude of the velocity normalized by cb =√
µb/m.
stable mode with l = 3 [Figs. 4(a)–4(c)]. Then, three
single-quantum vortices move away from the center and
a single-quantum vortex remains at r = 0 in each com-
ponent. The sign of the winding number of the vor-
tex at r = 0 is opposite to that of the three vortices.
Thus, the total winding number is conserved throughout
this process. Consequently, a (2,−2)-vortex splits into
three (1, 0)-vortices, three (0,−1)-vortices, and a (−1, 1)-
vortex.
To understand the unique dynamics qualitatively, we
calculated the quantity
Vθ,j(r) = 〈vj · eθ〉θ , (20)
where vj = (ψ
∗
j∇ψj −ψj∇ψ∗j )/2i|ψj|2 and eθ is the unit
vector in the rotation direction. The brackets 〈· · · 〉θ de-
note average over a circle of radius r. This quantity char-
acterizes the radial profile of the mean local velocity in
the rotational direction for the jth component. We have
Vθ,1 = L/r and Vθ,2 = −L/r in the initial state and
Vθ,1 ≈ −Vθ,2 throughout the instability development be-
cause of the symmetric parameter setting between the
two components.
Figure 5 shows the time development after the process
of Fig. 4. The three pairs of (1, 0)- and (0,−1)-vortices
move outward further [Figs. 5(a) and 5(b)]. Then, as
shown in Fig. 6, the relative rotational velocity between
the two components is suppressed around the center, al-
though its sign turns negative there in the presence of a
(−1, 1)-vortex at r = 0. The (−1, 1)-vortex at the center
is dynamically unstable, splitting into a (−1, 0)-vortex
and a (0, 1)-vortex, both of which move outward [Figs.
5(b) and 5(c)]. After that, the relative velocity is sup-
pressed and is almost zero in the center region (see Fig.
6; 286.1ms). We have observed that all vortices survive
without pair annihilation until 286.1 ms in the numerical
simulation.
The instability of CR vortices gradually becomes more
complex when L increases. The number of vortices that
appear after the vortex splitting process increases mono-
tonically with L according to the results of the linear
8stability analysis in Sec. III. For example, a (3,−3)-
vortex splits into seven vortices in each component, where
we observed five (1, 0)-vortices, five (0,−1)-vortices, two
(−1, 0)-vortices, and two (0, 1)-vortices after the splitting
process.
If L is large enough, the instability develops qualita-
tively different from that for small L. We have shown
that some unstable modes can be distributed broadly far
from the center r = 0 for large L. These modes cause
nucleation of vortices in the bulk region in addition to
the vortex multiplication caused by vortex splitting in
the center. In a three-dimensional homogeneous system,
CSI causes nucleation of vortex rings after the character-
istic density pattern formation [23, 24]. In our quasi-two-
dimensional system, the instability causes pair nucleation
of vortices in the bulk.
Figure 7 shows the instability development from a
(10,−10)-vortex. The most unstable mode in this case
is l = 15. The density pattern in the early stage [Fig.
7(b)] is much more complex compared to that for L = 2
in Fig. 4. We can see in Fig. 7(c) that vortex pairs
are nucleated in the region far from r = 0. Since the
direction of superfluid velocity between a vortex and an
antivortex of the vortex pairs is opposite to that of the
initial rotational superflow in each component, the pair
nucleation locally reduces the relative velocity Vθ,1−Vθ,2
around r ∼ 15ξb in Fig. 8.
Because of the numerous vortices from pair nucleation
in addition to vortex splitting, a highly turbulent region
around the center appears [Fig. 7(d)]. The relative veloc-
ity is strongly suppressed in the turbulent region and the
region becomes larger with time [Figs. 7(e) and 7(f)].
Eventually, the relative rotational velocity vanishes by
the two components exchanging their angular momen-
tum, and then the turbulent region spreads out to the
whole system [Fig. 7(g)].
V. SUMMARY
We studied the linear stability and the instability de-
velopment of CR vortices in miscible two-component
BECs. We found that a CR vortex has unstable modes
whose angular number is larger than the winding num-
ber of the CR vortex. The appearance of such modes is a
unique feature of this system, which is dominated by CSI.
The number of vortices appearing in the vortex splitting
process owing to the amplification of these modes is larger
than the winding number of the initial vortex. The total
winding number is conserved in this process by nucleat-
ing vortices with opposite winding number. When the
winding number becomes larger, the unstable modes be-
come more broadly distributed so as to nucleate vortex
pairs in the bulk region. The vortices spread over the
cloud, leading to binary quantum turbulence. The in-
stability of CR vortices is one of the tools for creating
binary quantum turbulence in BEC experiments.
A CR vortex can be realized experimentally by apply-
ing the topological phase imprinting method [7, 8, 28].
We can imprint a phase that causes opposite rotations
between two components by using two BECs with differ-
ent hyperfine states. Experimental evidence of the insta-
bility of CR vortices can be observed as the characteristic
density pattern or the multiplication of vortices. Addi-
tionally, we observe the drastic difference between the
expansions of the cloud during the time of flight before
and after the instability, because the centrifugal force on
the atoms is reduced by the relaxation of relative rota-
tion caused by the instability. Experimental observation
of the instability of CR vortices is valuable in terms of the
physics of quantized vortices, hydrodynamic instability,
and quantum turbulence.
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